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Abstract. For a class of competition-diffusion nonlinear systems involving 
the s-power of the Laplacian, s £ (0, f ), of the form 

(-A) s Ui = fi(ui) - flui^^aiju?, i=l,...,k, 

we prove that L°° boundedness implies C°' a boundedness for a > sufficiently 
small, uniformly as f} — > +00. This extends to the case s 7^ 1/2 part of the 
results obtained by the authors in the previous paper arXiv:1211.6087vl]. 

1. Introduction 
In this paper we study the problem 

in dimension N > 2, where a%j = dji > 0, (3 is positive and large, and the non-local 
operator 

u(x) - u((j) 

denotes the s-power of the laplacian. We are mostly concerned with the asymptotic 
behavior of the solutions to the previous system as the parameter ft — > +00: as 
we shall see, this entails spatial segregation for the limiting profiles. Our aim is to 
prove uniform in j3 bounds in Holder spaces, extending to the case s € (0, 1) part of 
the results that we already obtained for the case s = 1/2 in the recent paper [115] , 
to which we refer for further details. 

Segregation-diffusion problems arise in different applicative contests, from bio- 
logical models for competing species to the phase-segregation phenomenon in Bosc- 
Einstein condensation. Regarding the standard diffusion case (s = 1), a broad 
literature is present. Among the others, we mention the papers [71 [51 [31 [21 (HI HI 
[2171 HFJ [IHl E], which are mostly concerned with regularity issues. Our study 
is motivated by the recent interest that has developed around equations involving 
fractional laplacians, as they model long-jump diffusion processes in population 
dynamics, and they naturally appear in relativistic corrections of quantum field 
theory. 
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Exploiting the local realization of the fractional laplacian (— A) s as a Dirichlet- 
to-Neumann map (see, for instance, [6]), semilinear problems involving fractional 
laplacians have been the object of a massive study. Accordingly, letting a := 1 — 2s € 
(—1,1), if we introduce the differential operator (on the (N + l)-dimensional space) 

L a v:=-div(\y\ a Vv), 

and define 

d°v := lim -y a d y v, 
we obtain that, up to normalization constants, the problem 



L a Vi = in BJ 



is a localized version of (jl.ip . with Ui(x) = Vi(x,0). Here, as usual, we write 



^+1 



9 X = (x, y) and B+(xq, 0) := B r (xo, 0) fl {y > 0}, which boundary contains 
the spherical part d + B+ := dB r n {y > 0} and the flat one d°B+ := B r C\{y = 0}. 
Well known properties of the Muckenhoupt ^-weights (see for instance [15 ) allow 
to provide a weak formulation of (P)p in the weighted space 

H v ' a (fl) := ju : J y a (\v\ 2 + |Vu| 2 ) dxdy < oc j , 

endowed with its natural Hilbert structure. 

The main result we prove in this paper is the following. 

Theorem 1.1 (Local uniform Holder bounds). Let the functions fi.p be continuous 
and uniformly bounded (w.r.t. ft) on bounded sets. There exists a — a(N,s) > 
such that, for every {v^}^ family of H 1 ' ,a (Bf) solutions to the problems (P)p, 

where C — C{M,a). Furthermore, {v^} ( g > o is relatively compact in _ff 1;a (i? 1 y 2 ) n 

c^(bQ. 

The above result allows to prove its natural global counterpart, either on the 
whole of or on domains with suitable boundary conditions. 

Theorem 1.2 (Global uniform Holder bounds). Let fijj and a be as in the previous 
theorem, and let {u^}^ be a family of H S (M. N ) solutions to the problems 

\ (-A) s Ui = fi,p(Ui) - PUi Ysj^i a ij u j in ^ 

|ui = mR N \n, 

where fl is a bounded domain o/R , with smooth boundary. Then 

llu^Hioo^) < M llu^Hco.a^jv) < C(M,a). 

Of course, a natural question regards the optimal regularity of such problems, 
that is the maximal value of a for the above results to hold. In the case of the 
standard diffusion (s = 1), the analogous issue is faced in [14], where uniform 
Holder bounds are shown for every a < 1 . The proof of this result relies on a blow- 
up procedure, leading to a contradiction with some Liouville type theorems; these 
are based on the validity of some monotonicity formulae of Alt-Caffarelli-Friedman 
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and Almgren type. In [19] . we consider the case s = 1/2. In the situation there, 
a two-step strategy has been developed: indeed, though providing some uniform 
Holder bounds, the above blow-up procedure seems not enough to catch the optimal 
regularity threshold. The main reason for this failure is the lack of an exact Alt- 
Caffarelli-Friedman formula, so that the bounds, at a first stage, are obtained only 
when a is smaller than some number i/ ACF > 0, which is not explicit. Nonetheless, 
this provides enough compactness to trigger the second step of the strategy, based 
on the classification of the possible profiles obtained through a blow-down argument. 
At the end of the procedure, uniform bounds for any a < 1/2 are shown. In this 
perspective, Theorem 1 1 . 1 1 here corresponds to the first step (the blow-up procedure) 
of the strategy just described, extended to the general case s 6 (0, 1). The exponent 
a mentioned there is subject to two main restrictions: as before, a is bounded 
above by the minimal rate of growth for multi-phase segregation profiles v ACF ; on 
the other hand, when s > 1/2, a new upper threshold must be taken into account, 
which is related to the phenomenon of self-segregation. 

The first restriction, as we mentioned, is related to the validity of an exact 
Alt-Caffarelli-Friedmann formula, which in turn depends on an optimal partition 
problem. More precisely, let := d + B + . For each open lu C S^^ 1 := d§+ we 
define the first s-eigenvalue associated to w as 

( J sN y a \W T u\ 2 da ) 

(1.2) A?(w) := inf I -±- r — : u € if 1;a (S£), " = on S N ~ 1 \u , 

{ J S NV a u 2 d<7 J 

where Vtm is the tangential gradient of u on . The minimal rate of growth for 
multi-phase segregation profiles is given by the number 

(1.3) ; = inf |7(Af(^))+7(A;M) ; ^ n ^ = 
where, as usual, 



'N-2sV N — 2s 



*> : =V(— ) +t - _ 

is defined in such a way that u achieves Af {ui) if and only if it is one signed, and its 
7(Af (w))-homogeneous extension to is L Q -harmonic. As a peculiar difference 

with respect to the case s — 1, we remark that the eigenfunctions achieving i/ ACF 
have not disjoint support on the whole S^, but only on its boundary S^ -1 . In 
particular, the degenerate partition (0, S^ -1 ) is admissible, and one can show that 
it has the same level than the equatorial cut one: 

7(Af(0))+7(A|(§ jV " 1 )) 7 (AI(Sr i ))+7(Af(§ Af - 1 )) 

2 = 2 = S ' 

As a consequence, the above optimal partition problem does not enjoy the same 
convexity properties than the one corresponding to s = 1, and we can only show 
that 

< v ACT < s. 



Turning to self-segregation, the main point is that the fundamental solution 

Cn,s 

\X\ 



r W - I VIA-2V 
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turns out to be bounded near and H 1;a (B), whenever s > 1/2, N = 1. This 
implies that, when s > 1/2, N > 2, the function 

v(x,y) = (xl+y^^ 

is positive and L Q -harmonic for y > 0, d"v(x, 0) = whenever v(x,0) ^ 0, and 
its trace on has disconnected positivity regions. Moreover, such self-segregated 
profile is globally Holder continuous, of exponent a = 2s — 1 which is arbitrarily 
small as s -> (l/2) + . The phenomenon of self-segregation can be excluded in some 
situations, for instance when s < 1/2 (for capacitary reasons), or when suitable 
minimality conditions are imposed (as in [4]). Nonetheless, in general it is hard to 
tackle: for the case s = 1 it was excluded only recently, in [llj . 

To conclude we stress that, by exploiting the compactness provided by Theorem 
11.11 the optimal regularity should arise from the classification of suitable blow-down 
profiles. Also this point presents a number of new difficulties with respect to the 
case s = 1/2, and it will be the object of a forthcoming paper. 



2. MONOTONICITY FORMULAE 

This section is devoted to the introduction of some monotonicity formulae, which 
will provide suitable estimates in order to prove some Liouville type results. Our 
first aim is to prove monotonicity formulae of Alt-Caffarelli-Friedman type for the 
one phase problem: these will imply non existence results for L Q -harmonic functions 
under different assumptions on their growth at infinity and on the geometry of their 
null set. 

Secondly, we will concentrate on systems of degenerate elliptic equations, pro- 
viding monotonicity formulae of Alt-Caffarclli-Fricdman type with two phases, and 
of Almgren type. 

2.1. One phase Alt-Caffarelli-Friedman formulae. We first deal with La- 
harmonic functions (on R^ +1 ) which vanish on the whole M. N . 

Proposition 2.1. Let v € H 1 ' a (B^) be a continuous function such that 

• v(x,0) =0forxE R N ; 

• for every non negative <f> £ C^{Bji), 

(L a v)vcj)dxdy + J (d^v)v(j)dx = J y a \7v ■ \7(v<j))dxdy < 0. 
Then the function 



jW+l R« R JV+1 



1 f IVd 2 

*M ---- s y a rZ^dxdy 



B+ 

is monotone non decreasing in r for r G (0, R). 
Remark 2.2. Since 

(2.1) J y a Vv V(v(t))dxdy = J y a 



dxdy, 



we have that if v satisfies the assumptions of Proposition 12. II then also \v\ does 
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Definition 2.3. We define r? € C X (I 



? Ar + 1 -iu>+ 



) as 



Mk^-S JV+2(l-s) _ N—2s jjy|2 



We let also r|(X) = lypT/e^ 28 -^, so that r« . 
the fundamental solution of the s-laplacian, as £ — s- 0. 



|X|<1. 
r s = \X\ 2s - N , a multiple of 



Remark 2.4. We observe that each is radial and, in particular, d^T s e = on 

if 



l N . Moreover, since N — 2s > 0, they are L a -superharmonic on TO x 1 ' 



The proof of Proposition 12.11 is based on the following calculation. Incidentally, 
we observe that also the following monotonicity results rest on a similar argument. 

Lemma 2.5. Let v be as in Proposition \2.1l The function 



(2.2) 



r i — y 



y 



\x 



N-2s 



dxdy 



is well defined and bounded in any compact subset of (0, 1). 

Proof. We proceed as follows: let e > 0, S > and let rjs £ C£°(B r+ s) be a smooth, 
radial cutoff function such that < rjg < 1 and rjg = 1 on B r . Choosing <f> = r)gT s £ in 
the second assumption of Proposition [2~T1 and recalling equation (|2.1j) . we obtain 



|vd 2 r s . 



l. 



-Vv z • vrf 



r/sdxdy < — 



1 



r+S 



-V's(p) 



y a T s e \Jv 2 ■ \7n s dxdy 



d+B+ 

Passing to the limit as S — > we obtain, for almost every r € (0, 1), 



dp. 



\Wv\ 2 r s £ + ^v(v) 2 • vr £ 6 



dxdy < 



y a T s e vd„vda, 



a+Bi 



which, combined with the inequality L a T E > tested with u 2 /2 leads to 

.,,2 



J y a \Vv\ 2 T s £ dxdy < J 



y a Kvdvv 



-d v Ti da. 



b+ 

Letting e —¥ + , by monotone convergence we infer 



(2.3) 



|V«| 



x 



■ dxdy < 



1 



a 9v 

y v ^~ da 

ov 



N -2s 



y a v 2 dcr 



B+ 9+B+ 

and this, in turns, proves the lemma. 



□ 



Proof of Provosition \2. 11 By Remark l2.1l we can assume, without loss of generality, 
that v is (non trivial and) non negative, and that R = 1. We start observing that 
the function <£>(r) is positive and absolutely continuous for r G (0, 1). Therefore, 
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the proposition follows once we prove that 3>'(r) > for almost every r £ (0, 1). A 
direct computation of the logarithmic derivative of $ shows that 

/ y a \Vv\ 2 /\X\ N - 2s da 
$'(r) 4s o+b+ 

$(r) ~~ ~T + J y a \Vv\ 2 /\X\ N ~ 2s dxdy' 



First we use the estimate (12.31) to bound from below the left hand side: 



> 



J ?/ a |Vw| 2 dcr 

d+B + 



J y a |Vw| 2 /l^r _2s dCT 

d+B+ 

J y a \Vv\ 2 /\X\ N ~ 2s dxdy ~ J vy a d u v da + (N - 2s) § / y a v 2 da 

B$ d+B+ d+B+ 

je N+1 \yv^da 



r I v(r)t% +1 d u v(r) da + ^ J e N+ M r) ) 2 da 



where «W : 1 — > K is defined as v <r " ) (£) = u0*£), so that y = r£jy+i- We now 
estimate the right hand side as follows: the numerator writes 

/ £v+i|W r) | 2 d<7 = | ££ +1 |^ (r) | 2 d<7 + J e N+ i\V T v^\ 2 da 



( \ 



& + > (r) | 2 d<7 



V 



re 



/ 



where 7?. stands for the Rayleigh quotient of on . On the other hand, by the 
Cauchy-Schwarz inequality, the denominator may be estimated from above by 



< U a N + i\v (r) \ 2 da 



1/2 , \ 1/2 

G +1 ^da| +^-^ /^+ik (r) | 2 da 



< / &+il« (r) | 3 d<r 



//& + iM r) l J M 

-JV 

/& +1 |tA>| 2 d<7 



1/2 



AT - 2s 
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As a consequence 

/ y a \Vv\ 2 /\X\ N ~ 2s da 

rn ^ d+B+ 1 . U + t 2 

( 2 - 4 ) ^T^JTK^Tn^7TZJ7. > - nun 



J y a |Vu| 2 /|X| JV - 2s da;dy ~ r teR+ £ + 



A simple computation shows that the minimum is achieved when 



N - 2s \ 2 _ N -2s 



and it is equal to 2^(71). Recalling the dehnition of Af (0) (equation (jl.2[l ) we obtain 

$(r) r r 

and the proposition follows observing that Af (0) is achieved by v(x,y) = y 2s , in 
such a way that 

7 (A?(0)) = 2 S . □ 

Now we turn to functions which vanish only on a half space. 

Proposition 2.6. Let v G H 1,a (Bi) be a continuous function such that 

• v(x, 0) = for x\ < 0; 

• for every non negative <f> £ Cq°(Br), 

(L a v)v(j)dxdy + J (d^v)v^dx = J y a Vv ■ V(v<j))dxdy < 0. 
Then the function 



j-N + l 1« R™ +1 



i r ivwl 2 



b; 



is monotone non decreasing in r for r G (0, R). 

Proof. The proof follows the line of the one of Proposition 12. 1[ recalling that 



v(x,y) = 



^Jx\ + y 2 + xi 



2 J 

achieves 7 (Af (S^ -1 n {xi > 0})) = s (see, for instance, page 442]). □ 

In the previous propositions, we considered functions vanishing on the whole 
R , or on a half-space. Now, in great contrast with the case s < 1/2, it is known 
that, if s > 1/2, then also (N — l)-dimensional subsets may have positive capacity. 
This motivates the following formula, which is the analogous of the previous ones, 
for functions which vanish on subspaces of M. N of codimension 1. 

Proposition 2.7. Let s > 1/2 and let v € H 1]a (B^ i ) be a continuous function such 
that 

• v(x, 0) = for x\ = 0; 



s 
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• for every non negative <f> G C^°(Bi{). 

(L a v)v(j)dxdy + J (dy)v<f)dx = J y a \7v ■ V(w0) dxdy < 0. 



R JV + 1 RAT R JV+1 

Then the function 

1 f „ IW 2 



is monotone non decreasing in r for r G (0,i?). 

Proof. Let W = S^ -1 \ {a?i = 0}, and let us consider the function 

v(x,y) = \(x 1 ,0,y)\ 2s - 1 , 

that is the fundamental solution in dimension 1, extended in a constant way to the 
other directions. Then v is (2s — l)-homogeneous, positive and L a -harmonic for 
y > 0. We deduce that its restriction to d + B^ = is an eigenfunction associated 
to Af (u)), so that 

7 (A^)) = 2s-l. 

As a consequence, also in this case the proposition follows by reasoning as in the 
proof of Proposition 12. II □ 



2.2. Two phases Alt- Caffarelli- Friedman monotonicity formulae. Now we 

turn to the multi-component ACF formulae. We start by proving that the constant 
yAGF defineci in equation (jl.3l) is not 0. 

Lemma 2.8. For any N > 2, < ^ ACF < s. 

Proof. The bound from above easily follows by comparing with the value corre- 
sponding to the partition (S^ -1 ^): indeed, it holds Af(S Ar_1 ) = 0, achieved by 
u(x,y) = 1, and Af (0) = 2sA, achieved by u(x,y) = y l ~ a ■ In order to prove the 
estimate from below, one can argue by contradiction, as in the proof of [191 Lemma 
2.5], exploiting the compactness both of the embedding i? 1;a (§^) <-»• L 2;a (§^) and 
of the trace operator from H v ' a (S%) to L 2 (S N - 1 ). □ 

We will prove two multi-component formulae, the first regarding entire profiles 
which are segregated on M. N , the second regarding profiles which coexist on R*. 

Proposition 2.9. Let v\,V2 € H 1 ' a (B^(xo, 0)) be continuous functions such that 

• viv 2 \{ y =o} = 0, Vi(x ,0) = 0; 

• for every non negative <fi G C^°(Br(xq,0)), 

J (L a Vi)vi(l>dxdy+ J (d2vi)vi(f>dx = J y a Vv l ■ V{v l 4>) dxdy < 0. 

R N + 1 R N R « + l 

Then the function 

is monotone non decreasing in r for r G (0,R). 
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Proof. Applying the same estimates developed for the proof of Proposition 12. 1[ it 
is easy to see that the proposition is equivalent to (summing equation (|2.4I) for the 
two functions) 



y \x\n-i do- 



$'(r) >0«^ 



>- inf V 7 (A s 1 ( Wl )) 



,ACF 



□ 



In particular, the last inequality follows by the definition of j/ acf . 
Proposition 2.10. Let Vi,i>2 G ^R^ +1 ^ be continuous functions such that, 
for every non negative tf> G C5 and j ^ i, 



(L a Vi)Vi(f>dxdy + / (d^v t + a lj v l v j )v l 4>dx 



y a Vvi ■ S7{v l ct>) dxdy + / a l jv\v 2 A dx < 



For any v' G (0, v ) there exists r > 1 such that the function 

2 



is monotone non decreasing in r for r G (r, 00), where 



Mr) 




2/ a |V^| 2 ridxdy 



aijvfvjTi dx 



for j ^ i. 



The proof of Proposition 12 . 101 is based on a contradiction argument, and follows 
the lines of the one of Proposition 12.91 We do not report the details, referring the 
reader to [141 Lemma 2.5] and [19l Theorem 2.13], where similar computations were 
developed for the case s = 1 and s = 1/2, respectively. 

2.3. Almgren type monotonicity formula. To conclude this section on mono- 
tonicity formulae, we focus our attention on an Almgren quotient defined for a 
suitable class a functions: these will come into play as limits of a blow up sequence. 
First, for any 

v G (k+ +1 ) := {v : MD C R N+1 open and bounded, v\ D+ G H 1 ' a {D + )} 1 
v = (v\, . . . , Vk) continuous, let use define 

E(x ,r) := -J^ f y a £ |V^| 2 dxdy, 

T J i 



H(x ,r) :- 



1 



N+l-2s 



r 



J y a Evfda, 



d+B?(x o ,0) 
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where xq £ M. N and r > 0. By assumption, both E and H are locally absolutely 
continuous functions on (0,+oo), that is, both E' and H' are Ll oc (0, oo) (here, 
' = d/dr). Let us also consider the function (Almgren frequency function) 

Art \ E i x o,r) 

N{x ,r) := — -. 

H{x ,r) 

We have the following result, which proof we omit since it follows with minor 
changes from the one of Theorem 3.3 in |19) . 

Proposition 2.11. Let v G H^" v = (vi, . . . , Vk) continuous, and 

let us assume that: 

(1) ViVj\ v=0 = for every j ^ i; 

(2) for every i, 



(2.5) 



oW+l 



L a Vi = 
Vid^Vi = on R N x {0} 



(3) for any xq £ M. N and a.e. r > 0, the following (Pohozaev type) identity 
holds 

(2s -N) f y a J2\\7 Vl \ 2 dxdy + r f y a ^ \Mv % \ 2 da = 2r f y a ^ |cU,| 2 da. 

J i J i J i 

B+ d+B+ 8+B+ 

Then for every xq € R w the Almgren frequency function N(xo, r) is well defined on 
(0,oo), absolutely continuous, non decreasing, and it satisfies the identity 

(2.6) iL logff(r) = ^. 

dr r 

Moreover, if N(r) =7 on an open interval, then N = 7 for every r, and v is a 
homogeneous function of degree 7. 

Of the many consequences that the validity of an Almgren monotonicity formula 
carries, at this stage we are mostly interested in the following, which states a rigidity 
property implied by Holder continuity. 

Corollary 2.12. J/v satisfies the assumptions of Provosition and is globally 
Holder continuous of exponent 7 on R^ +1 , then it is homogeneous of degree 7 with 
respect to any of its (possible) zeroes, and thus 

Z := {x € M. N : v(x, 0) = 0} is an affine subspace ofM. N . 

Proof. The proof relies on the fact that the Almgren centered at any point of Z has 
to be constant and equal to 7. Indeed letting xq € Z, we argue by contradiction 
and suppose that N(xo, R) > 7 for some R. By monotonicity of TV we have 

— logH(r)>-N(x ,R) Vr>i? 
dr r 

and, integrating in (R, r) , we find 

Cr 2Nix °^ <H{r) <Cr 2 \ 

a contradiction for r large enough. The same reasoning provides a contradiction in 
the case N(xq, R) < 7 and r < R. □ 
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3. LlOUVILLE TYPE RESULTS 

Relying on the previous monotonicity formulae, in this section we will prove 
some Liouville type theorems for solution to either equations or systems involving 
the operator L a . As a first result, we have the following. 

Proposition 3.1. Let v G ^R^ +1 ^ be continuous and satisfy 

jL a v = mR^ +1 
\v(x,0) = onR N , 

and let us suppose that for some 7 <G [0, 2s), C > it holds 

\ V (x)\<c(i + \xn 

for every X . Then v is identically zero. 

Proof. We remark that v satisfies the assumptions of Proposition ^. ll for any R. For 
r > large enough, we choose r\ non negative, smooth and radial cut-off function 
supported in B^ r with n = 1 in such that 



N-2s 



I V a \yv\<Cr N+1 - 2s 1 [ \L aV \<Cr 

(for instance, we can take n as a smooth approximation of the function ~(2r — \X\) 
in £?2r \ B r ). Moreover, let T\ be defined as in Definition 12.31 (in particular, it is 
radial and superharmonic) . Testing the equation for v with Tfvn we obtain 

j y a \Vv\ 2 T\r,dxdy< J ^v 2 [-L a r)T{ + 2y a Vn ■ VT{] dxdy, 

where we used that r\ is constant in £?+. Since T^(X) = |X| 2s_JV outside Bi, and 
|v(X)| < CV 7 outside a suitable B f , using the notations of Proposition 12 . 1 1 we infer 



y a \Vv\ 2 T{dxdy\ < ± ■ Cr 2 \ 
W / 



*W = — 

W 

with C independent of r > f. Due to the monotonicity of $, we then find 

< $(f) < CV 2(7 ~ 2s) . 
for every r > f sufficiently large. This forces v to be constant. □ 

The previous proposition allows to prove an analogous result of the classical 
Liouville Theorem, which holds for L a -harmonic functions. 

Proposition 3.2. Let v be an entire L a -harmonic function defined on M. N+1 . If 
there exists 7 < 1 such that 

\v(X)\<C(l + \X\r), 
then v\ y —o is constant. Moreover, if"/ < min(2s, 1), then v is constant. 
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Proof. It is well known (see [5]) that L a -harmonic functions enjoy the mean value 
property (C > 0) 

dB,.(x,0) 

and, equivalently 

Br(x,0) 

It follows, by the growth condition, that 

\v(x',0)-v(x",0)\ < I y a \v(x,y)\dxdy 



1 B R (x',0)AB R (x",a) 

I yWdxdyKCW- 1 

u J B R (x',0)AB R (x",0) 



and the first conclusion follows since 7 < 1. Let us now assume 7 < min(2s,l): 
since v\ y= o is constant, we can assume v\ y —o = and apply Proposition [3TT] □ 

We can obtain the analogous of the classical Liouville Theorem for s-harmonic 
functions by applying the previous result to the even reflection through {y = 0} of 
their L a -harmonic extensions. 

Corollary 3.3. Let v 6 (m.^_ +1 ^J be continuous and satisfy 

jL a v = mRf +1 
[dy(x,0)=0 onR N , 

and let us suppose that for some 7 < min(2s, 1), C > it holds 

\v(x)\<c(i + \xn 

for every X . Then v is constant. 

By the way, a stronger result in the direction of the above corollary is contained 
in [5J Lemma 2.7]. 

In the same spirit of Proposition lBTTl we provide a result concerning L a -harmonic 
functions which vanish on a half space of M. . 

Proposition 3.4. Let v G ff^" ^K^ +1 ^ satisfy the assumptions of Proposition 
Let us suppose that for some 76 [0, s), C > it holds 



\v(X)\<C(l + \XP) 
for every X . Then v is identically zero. 

Proof. Again, v as above fulfills the assumptions of Proposition l2.6l Now, assuming 
that v is not constant, we can argue as in the proof of Proposition 13.91 obtaining a 
contradiction. □ 



We proceed with a lemma regarding the decay of subsolutions to a linear equation 
involving L a . 
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Lemma 3.5. Let M > and 5 > be fixed and let h E L°°(d Bf) with \\h\\i,°° < 6. 
Any v £ H ' a {By) non negative solution to 

jL a v<0 in Bt 

\d°v<-Mv + h ond°B+ 

verifies 

1 + 6 

sup < — — sup v. 

d°B+ M d+B+ 

The proof of Lernma [3 . 5 1 follows by a comparison argument. In order to construct 
an appropriate supersolution, we need a technical lemma. Let / € AC(M.) nC°°(R) 
be defined as 

where C is such that /(+oo) = 1. 
Lemma 3.6. There exists c > such that 

(-A) s f(x) > -cf(x) 

for any x < 0. 

Proof. The function / under consideration is increasing, smooth and such that 
there exist c, C > with 

lim f'(t)\t\ 2 - a = C > and lim f"(t)\t\ 3 - a = c. 

|tj— >QO >0O 

The s-laplacian of the function / is well-defined. Thanks to the extension repre- 
sentation of the fractional laplacian, we can consider 

v(x,y)= ! P.(£,»)/(i-{)d£= [ y 1 -' ,J (X Z9,,, <li 



(£, 2 + y 2 y- a / 2 

Hf 

(l + t 2)l-a/2 

so that 

" v ; a ^o+ 9y y (l + t 2 ) 1 -^ 2 y^o+y w (l + t 2 ) 1 -^ 2 

= {r = yt} = lim / r 2 \i-a/2 -f'( x ~ r ) dr 

= pv / — — - /' (,x - r)dr = pv / J£ZlL/'(r)dr. 
y r J x- r 

Let us observe that, due to the decay properties of /' at infinity, the last principal 
value acts only around the singularity x = r, that is 

(-A) s f(x)= lim / |x ~ r| V (0dr. 



E-tO+ 



(r— e,r+£ 



We aim at proving that there exists a positive c > such that the estimate 

(-A) s f(x) > -cf(x) 
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holds for every x < 0. As a first step, we are going to estimate the asymptotic 
behavior of the right hand side as x — > — oo. To this end, letting K > be a fixed 
number, we write 

f~ A ' la; - r\ a f°° \x - r\ a 
(3.1) (-A) s f(x) = pv / Lf {r)dr+ J Lf {r)dr 

J-oo X ~ r J-K X - r 

(this decomposition is possible thanks to the prescribed decay of /'). We estimate 
the two contributions separately. First (a < 1) 

I I a />oo 

II /'(r)dr > -{-K - x)"- 1 / /'(r)dr > -C^l"- 1 . 

'-if x ~ r J-K 

We further decompose the second integral in (13.11) . to find 

f~ K \ x - r \a f-K/\x\ \l +t \a 

pv / \^Lf {r)dr = {t = r/ \ x \ } = -\ x \* pv / iiiEL/'^^Ddt 

J-oo x-r 7-oc l + t 

-3/2 /— V 2 j— JC/|a;| 

... dt + pv ... dt + ... dt 

x 7-3/2 7-1/2 

In the first part we use the estimate 

f(t\x\) > c\t\ a - 2 \x\ a - 2 

in order to obtain 

a f 3/2 \ 1 + t \ a f(t\x\)dt>-c\x\ 2a - 2 [ 3/2 ii±Ul|t|»- 2 d*> -C\x\ 2a - 2 . 



l + t 7-oc l + t 

In the principal value we write 

-N° PV r 1/2 \±±^f(t\x\)dt=-\x\ 2 «- 2 p V r 1/2 \±^f( t \x\)\x\ 2 - a dt. 

J -3/2 l + t J -3/2 1 + £ 

Since 

/'(t|x|)|z| 2 -° ^ C|*r 2 in C 1 (--,--") as|a:|->oo 



2' 2 



and 



- 1 / 2 |1 + f|° Z" 1 / 2 \ r \ a 

pv I 1 1 |t| a ~ 2 dt = {r = -1 -t} = pv / - — (r + l) a - 2 dr > 0, 
7-3/2 l + t 7-1/2 r 

we obtain the lower bound 



-V 2 h 4. /|o 

M Q P v / Vt^t/WM* > ~C\x\ 2a - 2 . 



-3/2 1 + * 

To estimate the last integral we use 

nt\x\)<c\tr 2 \x\ a - 2 

to obtain 

j—K/\x\ I-. , ,i a /— -f/kl II i +|a 

|a ' +l -f(t\x\)dt > -C\x\ 2a - 2 / Ji±^|i|<- 2 dt 



-1/2 l+t 7-1/2 1+* 
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As a consequence 

(-A) s f(x) > -C (|a;| a - 1 + |a;| 2a - 2 ) > -C\x\ a - X . 
On the other hand, by a direct estimate we have (x <C 0) 

m < 

which immediately yields that for x <C there exists c > such that 

(-A) s f(x) > -cf(x). 

Due to the positivity and regularity of /, this estimates extends to every x < 0. □ 

We can conclude with the proof of Lemma 13.51 

Proof of Lemma \37h\ Let us first consider, for M > 0, the scaling x i-» M x l 2s x and 
let us introduce the function fyiix) :— f(M 1 / 2s x). It follows that 

(-A) s f M (x) = M 2s ' 2s [(-A) s f} (M 1 ' 2 ^) > -cMf M (x) 

It is then clear that if we let 

9m(x) := f M {t-l) + f M (-t-l) 

then for any M > it holds 

' (-A) s g M (x) > -cMg M (x) in (-1, 1) 
9m{x)>\ inE\(-l,l) 

j m (x)<cm- 1 

The proof follows by a comparison argument between v and the supersolution 

ws := 6 TT + / P*{U)9m(x - £)d£. □ 

The previous estimate allows to prove the following. 

Proposition 3.7. Let v satisfy 

jl a v = ffltf +1 
\d^v = -\v onR N 

for some A > and let us suppose that for some 7 < min(l, 2s), C > it holds 

\v(X)\<C(l + \XP) 

for every X . Then v is constant. 

Proof. Let either z = v + or z = w". In both cases, 

Jl q z<0, inK^ +1 
\d$z<-\z, onM. N . 

By translating and scaling, Lemma 13.51 implies that 

1 1 + r 7 
z(a;o,0) < sup z < — sup z < C . 

d°B r/2 (x a ,a) Xr 9+ Br (x„ : o) r 

Letting r — > 00 the proposition follows. □ 
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Proposition 3.8. Let v satisfy 

jd> = A onR N 

for some X € R and let us suppose that for some 7 < min(l, 2s), C > it holds 

\v(X)\<C(l + \XP) 
for every X . Then v is constant. 

Proof. For h G R N , let w(x, y) :— v(x + h,y) — v(x, y). Then w solves 

(L a w = inM^ +1 
\d^w = onl" 

and, as usual, we can reflect and use the growth condition to infer that w has to 
be constant, that is v(x + h,y) = + v{x, y). Deriving the previous expression in 
Xi, we find that 



k 

v(x,y) = ' 

i=l 

Using again the growth condition, we see that Cj = for i — 1, . . . , fc, while cq is 
constant. We observe that, consequently, A = 0. □ 

Proposition 3.9. Let v 6 ^K^ +1 ^ be continuous and satisfy 
{L aVl = inR^ +1 



aav" on 



pN 



and Zet ^ ACF be defined according to (|1.3|) . If for some 7 € (0,z^ ACF ) t/iere exists 
C such that 

w(x)\<c(i + \xn, 

for every X, then k — 1 components of w annihilate and the last is constant. 

Proof. We only sketch the proof, referring to [HI Proposition 4.1] for a detailed 
proof in the case s = 1/2. To start with, we observe that any pair of components 
of v satisfy the assumptions of Proposition 12.101 as a consequence, if v had two 
nontrivial components, then one could argue as in the proof of Proposition 13 . 1 1 in 
order to obtain a contradiction. Once we know that all but one component are 
trivial, we can conclude by applying Corollary [373] to the last one. □ 

Proposition 3.10. Let v satisfy the assumptions of Proposition \2.11\ and 7 € 

(0,^ ACF ). 

(1) If there exists C such that 

|v(X)|<C(l + |XP), 
for every X, then k — 1 components o/v annihilate; 

(2) if furthermore v <E C ^ (Rl +1 ^) and 

|V CF 0<s<- 

7 < \ 1 2 

I min(i/ ACF ,2s- 1) -<s<l, 



SEGREGATION PROBLEMS INVOLVING S-LAPLACIANS 



17 



then the only possibly nontrivial component is constant. 

Proof. To prove 1., we can reason as in the proof of Proposition [331 using Proposi- 
tion [279] instead of Proposition ^. 101 Turning to 2., let v denote the only non trivial 
component. If v(x, 0) ^ for every x, then we deduce that d®v (x, 0) = 0, and we 
can conclude by using Corollary 13. 31 On the other hand, let 

Z = {x £ R N : v(x, 0) = 0} ^ 0. 

By Corollary 12. 12[ we have that v is 7-homogeneous about any point of Z, which 
is then an affine subspace of R N , and that v solves 

( L a v = in R^ +1 
(3.2) i v = on Z 

[a> = onl w \Z. 

Now, if Z — R w , then Proposition 13.11 applies. On the other hand, if dimZ < 
N — 2s, we obtain that Z has null incapacity (this can be seen directly for the 
fractional laplacian in M. N , see for instance [131 Theorem 3.14]), and the conclusion 
follows by Proposition 13.21 Finally, we are left to deal with the case 

dimiJ = N - 1 and - < s < 1. 

2 

In this situation, the previous capacitary reasoning fails, see Remark 13.111 below. 
Nonetheless, assuming without loss of generality that Z — {x £ M. N : x\ = 0}, we 
have that v satisfies the assumptions of Proposition 12 .71 As a consequence, one can 
reason once again as in the proof of Proposition l3.11 obtaining a contradiction with 
the fact that 7 < 2s - 1. □ 

Remark 3.11. As we already mentioned in the introduction, in great contrast 
with the case s < 1/2, if s > 1/2 the fundamental solution of the s-laplacian 
in R is bounded in a neighborhood of x = 0. As a consequence, the function 
T(x,y) = K^i,?/)! 23 " 1 solves (|3~2"j) . This implies that, for s > 1/2, the sets of 
codimension 1 in M. N have positive s-capacity. 



4. C°' a UNIFORM BOUNDS 

In this section we turn to the proof of the regularity results we stated in the 
introduction. In particular we will prove Theorem 11.11 We recall that, here and 
in the following, the functions appearing in problem (P)p are assumed to be 
continuous and uniformly bounded, with respect to /?, on bounded sets. We start 
by recalling the regularity results which hold for (3 bounded. For easier notation, 
we write B + = . 

Lemma 4.1. There exists a* £ (0, 1) such that, for every a £ (0, a*), fh > and 
13 > 0, there exists a constant C — C(a,m, (3) such that 

for every solution of problem (P)p on B + , satisfying 
(3 < (3 and ||v l g|| i00 ( B +) < fh. 
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Proof. The above regularity issue can be rephrased for a general h £ H 1]a (B + ) 
with 

'L a h = in B+ 

h = f £ L°° on d+B+ 
d^h^geL 00 ond°B+. 



Denoting 

f(x,y)-=f(x,\y\) and g(x) 



g[x) x e d°B+ 

x e R w \ d ^ 



we can write h = hi + h-z, where 

\h a h 1 = Q inK^ +1 , (L a h 2 = in B 
< ». and < 

yd*h 1 = g onl" l/i2=/-/ii on SB. 

But then the regularity of hi (depending on ||<?||l~) follows by (TTJ Proposition 
2.9], while the one of h% is proved in [12] (see also [5] Section 2]). □ 

From now on, without loss of generality, we will fix a* > in such a way that 
Lemma |4 . 1 1 holds . and furthermore 

L ACF 0<s<- 

I miiu> ACF ,2s- 1) - < s < 1. 

We will obtain Theorem 11.11 for any fixed a g (0,a*). Following the outline of 
[H)I Section 6], we proceed by contradiction and develop a blow up analysis. Let r] 
denote a smooth function such that 

r v(x) = i 0<|X|<i 
0<r?(X)<l |<|X|<1 
^V(X) = \X\ = 1 

(in particular, r] vanishes on d + B + but is strictly positive d°B + ). We will show 
that 

ll 7 HI C °-(B + ) ^ c > 

and the theorem will follow by the definition of r\. Let us assume by contradiction 
the existence of sequences {(3 n } n eN, { v n}neN, solutions to (P)% , such that 

\( V v hn )(X')-( V v hn )(X")\ _ 

■ x'^x"eB+ 

By Lemma T4. II (and the regularity of rf) we infer that f3 n —> 00. Moreover, up to a 
relabeling, we may assume that L n is achieved by i = 1 and by two sequences of 
points (X^X") £ B+ x B+ . The first properties of such sequences have already 
been obtained in [19] , 

Lemma 4.2 ([H], Lemma 6.4). Let X' n ^ X% and r n := \X' n - X' r [\ satisfy 

|(»7Wl,n)m-(»7Wl,n)rai 



L„ := max max 

i=l,...,fcy^y« P HT X'-X"« 



in — 



Then, as n — > 00 , 
(1) r„ -► 0; 



SEGREGATION PROBLEMS INVOLVING S-LAPLACIANS 19 

. . dist(x;,a+s+) dist(x; / ,9+ J B+) 

(2) — - oo, — - oo. 

Our analysis is based on two different blow up sequences, one having uniformly 
bounded Holder quotient, the other satisfying a suitable problem. Let {JT„}„ 6 n C 
B+, \X n \ < 1, be a sequence of points, to be chosen later. We write 

B+ - X n 
T R+ — ™ 



remarking that r n B + is a hemisphere, not necessarily centered on the hyperplane 
{y = 0}. We introduce the sequences 

/y\ fv \ v iA x n +r n X) _ {r]v. hn )(X n + r n X) 
w iin (X) := r)(X n ) — and w i>n {X) := — , 

where X € r n B + . With this choice, on one hand it follows immediately that, for 
every i and X' ^ X" e r n B+ , 

/ XL - X„ \ ( X" - X.„ \ 

-- 1, 



\w hn (X>) - w hn (X")[ < 



\X> -X"\ a 



( X n ~ X n \ _ / XL[ - X n 



in such a way that the functions {w„}„ eN share an uniform bound on Holder 
seminorm, and at least their first components are not constant. On the other hand, 
since r](X n ) > 0, each w n solves 



(4.1 



\L^Wi. n =0 in r n B + 

^d^ Tn Wi t7l = fi, n (w iin ) - M n W i>n Y, 3 ^i a ij w j,n on T n d°B + , 

where the new operators write (X n = (x n ,y n )) 

I? = -div ((y„r- x + y) a v) , = lim - (y n r? + y) a d y , 

V ' y^(—Snr n ) + 

and U n (t) = r?(l„)r^-«i- 1 /i,^(i„r«V^(^n)) ) M n = p n I? n rl a + 2s h{X n f, 
Remark 4.3. The uniform bound of Hv^H^oo imply that 

sup |/<,„K„)| = viX^rl^L- 1 sup \f itPn («i, n ) | < Cimy^L- 1 -+ 

T n d°B+ d°B+ 

as n — > oo. 

A crucial property is that the two blow up sequences defined above have asymp- 
totically equivalent behavior, as enlighten in the following lemma. 

Lemma 4.4 (pj5], Lemma 6.6). Let K C M Ar+1 be compact. Then 

(1) max |w„(X) - w„{X)\ -> 0; 

XeKnr n B + 

(2) there exists C , only depending on K, such that \w n (X) — w„(0)| < C , for 
every x G K . 

Now we show that the sequences (X^X'^) accumulates towards {y = 0}. 
Lemma 4.5. There exists C > such that, for every n sufficiently large, 

dist(jr;, d°B+) + distpr;', d°B+) < Q 
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Proof. We argue by contradiction. Taking into account the second part of Lemma 
[4721 this forces 



dist(X;, dB+) + dist(X;', dB+) 



— > oo. 



In the definition of w„, w„ we choose X n = X' n , so that r n B + — > W N+1 and 
Vn lr n 0. Let K be any fixed compact set. Then, by definition, K is contained in 
the half sphere r n B + , for every n sufficiently large. By defining W„ = w„-w„(0), 
W„ = w„ — w„(0), we obtain that {W n }„ e pj is a sequence of functions which share 
the same C 0,Q -seminorm and are uniformly bounded in K, since W„(0) = 0. By 
the Ascoli-Arzela Theorem, there exists a function W e C(K) which, up to a sub- 
sequence, is the uniform limit of {W n }„gN : taking a countable compact exhaustion 
of R 7V+1 we find that W„ — > W uniformly in every compact set. Moreover, for any 
pair X, Y, we have that X,Y £ r n B + for every n sufficiently large, and so 

|W„p0-W n (Y)| < Vk\X-Y\ a . 

Passing to the limit in n the previous expression, we obtain W e C 0,a (M. N+1 ). By 
Lemma H. 41 we also find that W„ — > W uniformly on compact sets. We want to 
show that W is harmonic. To this purpose, let ip 6 C u x> (K Ar+1 ) be a smooth test 
function, and let n be sufficiently large so that supp tp C r n B + for all n > n. For a 
fixed i € {I, . . . , k}, we test the equation L^ n Wi^ n — by tp to find 



iiv ((1 + yr-nVn fVifj w i>n dxdy = 0. 



Passing to the uniform limit and observing that (I + yrny' 1 ) 11 — > 1 in C°°(supp (p), 
we obtain at once that W is indeed harmonic. We will obtain a contradiction with 
the classical Liouville Theorem once we show that W is not constant. To this aim 
we observe that (X' n — X n )/r n = and, up to a subsequence, 

X" - X„ X" - XL 



\X„ — XL, 



X" e dBx. 



Therefore, by equicontinuity and uniform convergence, 



XL — X„ 



XL! — Xn 



|Wi(0) - Wi(X")\ = 1. □ 



After the result above, we are in a position to choose X n in the definition of w„, 
w„ as 

X n ■= (x' n ,Q), 
). With this choice, it is immediate to see that 



where as usual X' n = (x' n ,y' n 
L T a n = L ai 



Moreover, by Lemma 1431 we have that X' n , X^ G B^, for some C not depending on 
n. This will imply that any possible blow up limit can not be constant. Now one can 
reason as in [191 Section 6] in order to prove that the blow up sequences converge. 
In doing this, a first crucial step consists in proving that w„(0) is bounded: to this 
aim, it is useful to notice that the decay rate for subsolutions which we obtained in 
Lemma 13 . 51 does not depend on s and completely agrees with the one found in |19[ 
Lemma 4.5]. Consequently, the uniform bound on the Holder seminorm allows to 
prove the following result. 
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Lemma 4.6 ([19] . Lemma 6.13). Under the previous blow up setting, there exists 
w G (-ffioc i~l C '") smc/i that, up to a subsequence, 

w n ->■ w m (ff 1 n C){K) 
for every compact K C R^ +1 . 



End of the proof of Theorem ] Up to now, we have that w„ — > w in (H ;a n 
C)i oc , and that the limiting blow up profile w is a nonconstant vector of harmonic, 
globally Holder continuous functions. To reach the final contradiction, we distin- 
guish, up to subsequences, between the following three cases. 

Case 1: M n — > 0. In this case also the equation on the boundary passes to the 
limit, and the nonconstant component ui\ satisfies d^wi = on R N , in contradiction 
with Corollary 13.31 

Case 2: M n — > C > 0. Even in this case the equation on the boundary passes 
to the limit, and w solves 

(L a Wi = Q 



d*Wi = -C Wl £ . ^ Oijtu? on R N x {0} 



The contradiction is now reached using Proposition ^. 91 

Case 3: M n — > oo. In this case we can find a contradiction with Proposition 
13.101 To this aim, one has to prove the validity of a Pohozaev-type identity for the 
limits of the blow-up sequences. This can be done by taking into account Lemma 
14.61 and reasoning as in [19, Section 5]. 

As of now, the contradictions we have obtained imply that {vp}p>o is uniformly 

bounded in C°' a {^B^^j, for every a < a*. But then the relative compactness in 

C°' a \ ByA follows by Ascoli-Arzela Theorem, while the one in H 1 ' a (By 2 ) can be 
shown by reasoning as in the proof of Lemma 14.61 □ 



Incidentally, we remark that similar arguments can be exploited in order to 
prove the following compactness result, concerning segregated profiles (see also [HJ 
Proposition 6.15]). This result, though technical at this stage, provides a com- 
pactness criterion for suitable blow down sequences, and may be useful in proving 
optimal regularity results, along the scheme explained in the introduction. 



Proposition 4.7. Let {v n }„eN be a subset of C a [B^j, for some < a < a*, 
and satisfy the assumptions of Proposition \2.11i If 

||v„|| ioo(B+) < m, 

with m independent of n, then for every a' € (0, a) there exists a constant C = 
C(rh,a.'), not depending on n, such that 

Furthermore, {v„}„ e pj is relatively compact in H 1 ' ,a (B^ 2 ) (~\C°' a (^B^^j for every 



To conclude, we mention that the above local result can be used, together with a 
covering argument and Proposition l3.4l to prove Theorem l 1 . 2 1 (see also |19[ Theorem 
8.5]): there are, however, two different situations to be handled. 
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First, if one considers the problem set on the whole (Theorcm ll.2l in the 
case f2 = M. N ), then the global uniform bounds on u,g imply, by the representation 
formula of Caffarelli and Silvestre [6], that also enjoy the same uniform L°° 
bounds. As a consequence, the local uniform bounds extend at once to the global 
case by a simple covering argument. 

In the case of ^ M. N , one has to deal also with the boundary of ft. In this 
situation, the regularity for is ensured by [16j . while the uniform Holder bounds 
- obtained again via the blow up analysis - follows with similar arguments and the 
use of the appropriate Liouville type results (Proposition I3.4[) . Further details can 
be found in [19l Section 8]. 



References 

[1] L. A. Caffarelli, A. L. Karakhanyan, and F.-H. Lin. The geometry of solutions to a segregation 
problem for nondivergence systems. J. Fixed Point Theory Appl., 5(2):319-351, 2009. 

[2] L. A. Caffarelli and F.-H. Lin. Singularly perturbed elliptic systems and multi-valued har- 
monic functions with free boundaries. J. Amer. Math. Soc, 21(3): 847-862, 2008. 

[3] L. A. Caffarelli and J.-M. Roqucjoffrc. Uniform Holder estimates in a class of elliptic systems 
and applications to singular limits in models for diffusion flames. Arch. Ration. Mech. Anal., 
183(3) :457-487, 2007. 

[4] L. A. Caffarelli, J.-M. Roqucjoffrc, and Y. Sire. Variational problems for free boundaries for 
the fractional Laplacian. J. Eur. Math. Soc. (JEMS), 12(5):1151-1179, 2010. 

[5] L. A. Caffarelli, S. Salsa, and L. Silvestre. Regularity estimates for the solution and the free 
boundary of the obstacle problem for the fractional Laplacian. Invent. Math., 171(2):425-461, 
2008. 

[6] L. A. Caffarelli and L. Silvestre. An extension problem related to the fractional Laplacian. 

Comm. Partial Differential Equations, 32(7-9):1245-1260, 2007. 
[7] M. Conti, S. Terracini, and G. Verzini. An optimal partition problem related to nonlinear 

eigenvalues. J. Fund. Anal, 198(1):160-196, 2003. 
[8] M. Conti, S. Terracini, and G. Verzini. Asymptotic estimates for the spatial segregation of 

competitive systems. Adv. Math., 195(2):524-560, 2005. 
[9] E. N. Dancer, K. Wang, and Z. Zhang. Uniform Holder estimate for singularly perturbed par- 
abolic systems of Bose-Einstein condensates and competing species. J. Differential Equations, 

251(10):2737-2769, 2011. 
[10] E. N. Dancer, K. Wang, and Z. Zhang. Dynamics of strongly competing systems with many 

species. Trans. Amer. Math. Soc, 364(2):961-1005, 2012. 
[11] E. N. Dancer, K. Wang, and Z. Zhang. The limit equation for the Gross-Pitaevskii equations 

and S. Tcrracini's conjecture. J. Fund. Anal, 262(3):1087-1131, 2012. 
[12] E. B. Fabes, C. E. Kenig, and R. P. Serapioni. The local regularity of solutions of degenerate 

elliptic equations. Comm. Partial Differential Equations, 7(1):77-116, 1982. 
[13] N. S. Landkof. Foundations of modern potential theory. Springer- Verlag, New York, 1972. 

Translated from the Russian by A. P. Doohovskoy, Die Grundlehren der mathematischen 

Wissenschaften, Band 180. 
[14] B. Noris, H. Tavares, S. Terracini, and G. Verzini. Uniform Holder bounds for nonlinear 

Schrodinger systems with strong competition. Comm. Pure Appl. Math., 63(3):267-302, 2010. 
[15] B. Opic and A. Kufner. Hardy-type inequalities, volume 219 of Pitman Research Notes in 

Mathematics Series. Longman Scientific & Technical, Harlow, 1990. 
[16] X. Ros-Oton and J. Serra. The Dirichlet problem for the fractional laplacian: regularity up 

to the boundary. Preprint arXiv:1207.5985vl. 
[17] L. Silvestre. Regularity of the obstacle problem for a fractional power of the Laplace operator. 

Comm. Pure Appl. Math., 60(1):67-112, 2007. 
[18] H. Tavares and S. Terracini. Regularity of the nodal set of segregated critical configurations 

under a weak reflection law. Calc. Var. Partial Differential Equations, 45(3-4):273-317, 2012. 
[19] S. Terracini, G. Verzini, and A. Zilio. Uniform Holder bounds for strongly competing systems 

involving the square root of the laplacian. Preprint arXiv:1211.6087vl. 



SEGREGATION PROBLEMS INVOLVING S-LAPLACIANS 



23 



[20] K. Wang and Z. Zhang. Some new results in competing systems with many species. Ann. 

Inst. H. Poincare Anal. Non Lineaire, 27(2): 739-761, 2010. 
[21] J. Wei and T. Weth. Asymptotic behaviour of solutions of planar elliptic systems with strong 

competition. Nonlinearity, 21(2):305-317, 2008. 
E-mail address: susanna.terraciniOunito.it 

dlpartimento di matematica "giuseppe peano" , universita degli studi di torino, vla 
Carlo Alberto 10, 10123 Torino, Italy 

E-mail address: gianmaria.verziniOpolimi.it 

dlpartimento di matematica, politecnico di mllano, p.za leonardo da vlnci 32, 20133 
Milano, Italy 

E-mail address: alessandro.zilioOmail.polimi.it 

dlpartimento di matematica, politecnico di mllano, p.za leonardo da vlnci 32, 20133 
Milano, Italy 



